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Abstract 

We construct an 0 {d,d) invariant universal formulation of the first-order a'-corrections of 
the string effective actions involving the dilaton, metric and two-form fields. Two free parame¬ 
ters interpolate between four-derivative terms that are even and odd with respect to a Z2-parity 
transformation that changes the sign of the two-form field. The Z2-symmetric model repro¬ 
duces the closed bosonic string, and the heterotic string effective action is obtained through a 
Z2-parity-breaking choice of parameters. The theory is an extension of the generalized frame 
formulation of Double Field Theory, in which the gauge transformations are deformed by a 
first-order generalized Green-Schwarz transformation. This deformation defines a duality co¬ 
variant gauge principle that requires and fixes the four-derivative terms. We discuss the 0 {d,d) 
structure of the theory and the (non-)covariance of the required field redefinitions. 
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1 Introduction 

T-duality symmetric (double) field theories describing the supergravity limits of string 
theory were originally constructed in n-0 and have been studied in many recent papers 
(for details and references see |1]). Since T-duality is a symmetry of the string effec¬ 
tive actions to all orders in a' |5], some effort has been devoted towards developing an 
0{d, d) invariant formulation of the higher order contributions. These higher derivative 
corrections are important in string phenomenology and cosmology and in string theoretic 
studies of black hole entropy, and such formulation could be useful in order to understand 
if/how T-duality mixes different orders, and could hopefully become a tool to compute or 
provide clues on the n'-corrections. 

Various methods have been used in the early times of string theory to construct the 
(super)gravity limits and their higher-derivative corrections. The first calculations used 
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the scattering amplitudes of the massless particles in the tree (or classical) approximation 
of the string perturbation theory and effective Lagrangians were constructed to reproduce 
this S-matrix [B]. The lagrangians are not unique because covariant redehnitions of the 
helds do not affect the scattering amplitudes. Later it was realized that the /^-functions of 
the non-linear cx-model describing string theory on background helds could be identihed 
with the equations of motion for the massless string helds [7]. The /3-functions depend on 
the dehnition of the couplings and on the renormalization prescription. Thus the ehective 
action whose equations of motion reproduce them is not unique either. Fermions cannot 
be easily incorporated in these approaches, and then other methods were developed which 
take supersymmetry as the starting point |S]. These constructions were useful to display 
some symmetries of the ehective actions that had not been previously appreciated. 

There has also been a fair amount of work to understand the duality structure of the 
a'-correct ions. Time ago, K. Meissner showed in [B] that, when dimensionally reduced to 
one dimension, the a'-corrections in the closed bosonic string can be expressed solely in 
terms of the duality invariant dilaton held and the generalized metric, which is an 0{d, d) 
group element (see also HD]). The price to pay is that the components of the general¬ 
ized metric involve non-covariant derivatives of the helds. So, while the string ehective 
actions are dehned up to covariant held redehnitions, it appears that non-covariant held 
redehnitions are necessary in order to make the 0(d, d) symmetry manifest. In other 
words, the helds that behave covariantly under diheomorphisms and Lorentz transforma¬ 
tions are not good candidates to become components of 0{d, d) multiplets. Instead, helds 
that transform as usual (i.e. a la Buscher m) under T-dualities, and more generally 
under 0{d,d), involve non-covariant redehnitions. A similar result was obtained for the 
heterotic string in [12], where the 0{d, d) friendly helds were obtained through a Lorentz 
non-covariant redehnition of the metric in terms of the spin connection with torsion (a 
similar result involving gauge helds was recently found in [H]). Such redehnition had been 
previously considered in [T3], where it was shown that the usual Green-Schwarz mech¬ 
anism of anomaly cancellation [15] is only consistent with worldsheet supersymmetry if 
the metric is non-covariantly redehned. The resulting Lorentz non-singlet metric then 
transforms similarly to the heterotic two-form held, which is also a Lorentz non-singlet. 
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Recently, a method for completing higher derivative corrections was proposed in [16] 
using duality symmetries. It is based on the observation that duality symmetries in the 
reduced theory highly constrain the form of the unreduced theory. This method was 
applied to the closed bosonic string and the full effective action to order a' was obtained 
from the Riemann squared term. Also here it is necessary to include diffeomorphism 
non-covariant corrections in the duality covariant scalar matrix. 

The tension between (generalized) diffeomorphism covariance and T-duality was hrst 
discussed in ini-ra in the context of Double Field Theory (DFT). There, O. Hohm 
and B. Zwiebach showed that it is impossible to cast the square of the Riemann tensor 
in terms of an 0{d, d)-valued generalized metric. After identifying the terms involved 
in the obstruction, they showed that a hrst order in a' non-covariant redehnition of 
the metric could cancel them. Such redehnition is precisely a background independent 
generalization of the one performed in [S]. The authors then came to the conclusion that 
any 0{d, d) invariant formulation of the Riemann tensor squared must necessarily involve 
non-covariant gauge transformations of the 0{d, d) multiplets which induce non-covariant 
held redehnitions of their components. This idea is further supported by the absence of an 
0(d, d) covariant generalized Riemann tensor that contains the usual Riemann tensor as 
a determined component (see |Il,0,|r7|,|ZI],12Z|). If such a generalized Riemann tensor 
existed, it would have to transform covariantly under the usual generalized Lie derivative. 
However, the absence signals the need for a correction to the gauge transformations (which 
in turn would require non-covariant held redehnitions). 

The hrst example of an 0(d, d) covariant a'-corrected theory (including gauge transfor¬ 
mations, bracket and action) was presented in [TS|. The a'-contributions are odd under 
a Z 2 -parity transformation that changes the sign of the two-form held, and then this 
theory corresponds neither to the closed bosonic nor to the heterotic string. Being odd 
under Z 2 -parity, a Riemann squared term is forbidden and, interestingly, the deformed 
transformations induce a Green-Schwarz-like transformation of the two-form, so the hrst 
order contributions are purely governed by Chern-Simons terms [20|. Later, in [19], it was 
shown that this theory actually belongs to a two-parameter family of theories that inter¬ 
polates between theories with even (DhT"*") and odd (DFT“) parity corrections, where 
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DFT"^ corresponds to the closed bosonic string while DFT“ to the theory in |T8]. The 
gauge transformations and action were worked out to cubic order in held-perturbations, 
and the formulation is metric-like, so the anomalous transformation of the two-form is 
due to diffeomorphisms rather than Lorentz transformations. 

Following a different approach, the duality structure of the a'-correct ions in the het¬ 
erotic string was recently considered in |23]-[2S]- Exploiting the symmetry between 
the gauge and torsionful Lorentz connections highlighted in [26], all the hrst order ol- 
corrections were accounted for. The construction in [23] is based on a generalization of 
the DFT formulation of the heterotic string introduced in [27]. The gauge and torsionful 
spin connections are components of the generalized frame, which is dehned in an extended 
tangent space. In this formulation the generalized Lie derivative is gauged, and receives 
no corrections in the extended space formulation. However, when the gauge transforma¬ 
tions are considered from the double space point of view, a'-corrections resembling those 
in [I8]-[T9] are induced. 

In this paper we present a duality covariant gauge principle that requires and hxes 
the hrst-order contributions of a two-parameter family of theories that includes all the 
string effective actions. In the hrst part of the article we consider a two-parameter de¬ 
formation of the hrst order a'-corrections in the string ehective actions. We concentrate 
on terms involving the metric, the Kalb-Ramond two-form and the dilaton helds, and do 
not consider contributions from the gauge sector of the heterotic string in this work. In 
Section |2l we compare deformations of the four-derivative terms in the action obtained 
by R. Metsaev and A. Tseytlin from S-matrix and /3—functions calculations in [28] with 
deformations of the heterotic string ehective action computed from supersymmetry by E. 
Bergshoeh and M. de Roo in [26]. We prove that the deformed actions are in fact equal up 
to held redehnitions, thus generalizing the result in [29] where the agreement was shown 
in the case of the heterotic string. We then construct a manifestly 0{d,d) invariant ac¬ 
tion which reproduces these four-derivative corrections. The construction presented in 
Section [3] is based on the frame-like formulation of DFT. We introduce a hrst order in a' 
two-parameter deformation of the gauge transformations of the generalized frame which 
takes the form of a generalized Green-Schwarz-like transformation that induces, in par- 
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ticular, the anomalous transformation of the two-form held in the heterotic string. These 
non-standard transformations constitute a novel duality covariant gauge principle that 
demands and determines the structure of the four-derivative corrections. They call for 
(Lorentz) non-covariant held redehnitions, which we discuss in detail. Finally, in Section 
m we present the conclusions and outline future directions of research. 

2 Universal description of a'-corrections 

The on-shell equivalence between the hrst order terms in the a'-expansion of the massless 
string helds ehective equations of motion and the vanishing of the corresponding two- 
loop terms in the Weyl anomaly coefficients of the cr-model was verihed by R. Metsaev 
and A. Tseytlin in [28]. They showed that the a'-correct ions involving the metric 
antisymmetric tensor and dilaton cj) helds are parameterized by eight unambiguous 
coefficients which are invariant under covariant held redehnitions and must then be de¬ 
termined from the three- and four-point scattering amplitudes of these massless states. 
The results for the bosonic, heterotic and type II theories exhibit some diherences. In 
the string frame, four-derivative corrections are absent in the type II theories, a Riemann 
squared correction plus four-derivative terms involving the two-form held appear in the 
bosonic and heterotic theories, and the latter contains in addition a Lorentz Chern-Simons 
term in the curvature of the two-form. While the ehective action of the closed bosonic 
string contains only terms with even numbers of Kalb-Ramond helds, and is then even 
under a Z 2 -parity transformation that changes the sign of the heterotic string does 
not share this symmetry and, in particular, the Chern-Simons terms break the Z 2 -parity 
in the ehective action. 

The supersymmetric completion of the a'-correct ions in the heterotic theory was ob¬ 
tained by E. Bergshoeh and M. de Roo making use of a symmetry between the gauge 
connection and a spin connection with torsion [26]. Their results for the bosonic sector 
were shown in [21] to coincide with those in [2S] (modulo held redehnitions). 

In this section we consider a two-parameter deformation of the hrst order a'-corrections 
to the string ehective actions. We hrst write the action in a form that makes it trivial 
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to make contact with the effective action presented by R. Metsaev and A. Tseytlin in 
[25] . for a specihc choice of parameters. We then rewrite it to facilitate comparison with 
the formulation by E. Bergshoeff and M. de Roo in |2S]- In Appendix [B] we give details 
of the calculations allowing to go from one to the other, and introduce the required 
held redehnitions and boundary terms. The two parameters, which we denote a and 
b, can be hxed to reproduce the bosonic string (a, 6) = {—a',—a'), the heterotic string 
(a, b) = {—a', 0) and (trivially) the type II strings (a, b) = (0, 0) effective actions. 


2.1 Generalized Metsaev-Tseytlin action 

Consider the zeroth and hrst-order contributions in the effective action 


Smt = j , ( 2 . 1 ) 

where the supra-label specihes the a'-weight. The zeroth order (two-derivative) part of 
the action is just the universal NSNS sector 

L® =R- > (2-2) 


and the hrst order in a' (four-derivative) correction obtained in [28] takes the form 




(2.3) 


R 


fiiypa 




We use the standard notation for the components and their dehnitions can be found 
in Appendix [A] The Metsaev-Tseytlin action is recovered with the following choice of 
parameters 


/ 



0 


bosonic string 

a — b 

heterotic string , —z— 

8 

type II 


0 bosonic string 

— \oi' heterotic string 
0 type II 


(2.4) 

Notice that for the bosonic string the hrst term in fl2.3|) is absent, and only terms 
that contain even powers of the three-form H are non-vanishing. As a result the action is 
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symmetric under a Z 2 -parity transformation that exchanges the sign of the Kalb-Ramond 
two-form 

Z2{B) = -B , (2.5) 

i.e. The heterotic string is not symmetric under this parity transforma¬ 

tion, because in this case the hrst term in fl2.3p changes sign. There is another interesting 
case, corresponding to the choice a-|-5 = 0, in which the hrst-order corrections are purely 
given by the hrst term in fl2.3p and are then odd under Z 2 -parity, i.e. Z 2 {L^^'^) = — 

This case is very likely related to one recently introduced in [18] and further discussed in 

US- 

The action fl2.ip is invariant under diffeomorphisms and gauge transformations of the 
two-form. However, Lorentz invariance requires the non-standard Lorentz transformation 
of the two-form 

= "b” - . (2.6) 

which is necessary for anomaly cancellations in the Green-Schwarz mechanism. Clearly, 
this transformation is not present in the bosonic string, but appears as expected in the 
heterotic string. 

2.2 Generalized Bergshoeff-de Roo action 

Consider now the following action 

Sbr = j dx^ge-'‘*' (fl - + 4V„V'> - 

+5dTfl‘“’'‘V + , (2.7) 

where 

H,., = . ( 2 . 8 ) 

The case (a, h) = (—ex', 0) corresponds to the heterotic string, and coincides with the 
bosonic sector of the effective action as presented in [26]. For this choice of parameters, 
this action was shown in [29] to coincide (modulo held redehnitions and boundary terms) 
with the Metsaev-Tseytlin action given above in fl2.ip with the same choice of parameters. 
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In Appendix [B] we generalize the identification, making it valid for any choice of parame¬ 
ters. The field redefinitions involved in the compntations are mostly diffeomorphism and 
Lorentz covariant, except for a Lorentz non-covariant redefinition of the two-form field 
given by (see fIB.Sjl i 

BMt = ■ ( 2 . 9 ) 

The action fl2.7l) is invariant under diffeomorphisms and gauge transformations of the 
two-form. However, Lorentz invariance again requires a non-standard Lorentz transfor¬ 
mation of the two-form 

r dBR _ _® o A b (-)a , ^ o a b (+)a 

~ ^i^]b 

= -^{a-b)d[^Aj'uj^]b‘'+ ^{a + b)d[f,Aj’H^]b‘', ( 2 . 10 ) 

necessary for anomaly cancelations in the Green-Schwarz mechanism. Notice that the field 
redefinition fl2.9p eliminates the last term in the transformation fl2.10l) of the two-form, 
making it equal to that in fl2.6p . 

3 cf'-corrections in Double Field Theory 

In this section we introduce the 0{d,d) invariant frame-like formulation of Double Field 
Theory (DFT) that reproduces the two-parameter deformed action introduced above. 
The zeroth order frame-like theory was introduced in [1], further explored in [3], and here 
we will mostly follow the conventions of [30]. Our original contribution here is a two- 
parameter first-order in a' deformation of the gauge transformations of the generalized 
frame, that takes the form of a generalized Green-Schwarz-like transformation that induces 
in particular the anomalous Lorentz transformation of the two-form. We first introduce 
the fields, their transformation properties and closure of the algebra, and we finally write 
an invariant action to first order in a'. Then, we show that the action exactly reproduces 
the two-parameter action (12.71) . when taking the standard solution of the strong constraint 
together with a compatible parameterization of fields. 














3.1 Generalized fields, projectors and fluxes 

The DFT action is invariant under global G = 0{d, d) transformations, local “double- 
Lorentz” H = 0(1, d— 1) x 0{d — 1,1) transformations, and infinitesimal generalized 
diffeomorphisms generated by a generalized Lie derivative C. A constant symmetric and 
invertible G-invariant metric r]MN raises and lowers the indices that are rotated by G 
(which we label M, N,.. .). In addition, there are two constant symmetric and invertible 
id-invariant metrics rjAB and 'Hab- The former is used to raise and lower the indices that 
are rotated by H (which we label and the latter is constrained to satisfy 

diACd^^dioB = Vab • (3.1) 

The three metrics are invariant under the action of £, G and H. 

The theory is dehned on a double space, in which derivatives Sm belong to the funda¬ 
mental representation of G. However, a strong constraint 

• • • = 0 , ... a""" • ■ • = 0 , (3.2) 

restricts the helds and gauge parameters, the dots representing arbitrary products of them. 
While the generalized Lie derivative is generated by an inhnitesimal generalized parame¬ 
ter that takes values in the fundamental representation of G, id-transformations are 
generated by an inhnitesimal parameter The latter is constrained by the fact that 

r]AB and I-Lab must be id-invariant 

d^VAB = VcbA^A + riAcA^B = 0 , SaHab = dicB^^A + T-LacA^B = 0 . (3.3) 

The helds of the theory are a generalized frame Em^ and a generalized dilaton d. The 
generalized frame relates the metric rjAB with rjMNi and the metric I-Lab with the so-called 
generalized metric I-Lmn 

Vmn = Em^tjabEn^ , diuN = Em^T-LabEn^ ■ (3.4) 

As a result of fl3.ip . the generalized metric is constrained to be G-valued 

= dMN ■ (3.5) 
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It is important to point out that the generalized helds and gauge parameters are allowed 
to receive corrections that respect the constraints. We will give concrete expressions for 
the hrst order corrections to their components later. 


Since the generalized metric is constrained by fl3.5p . one can dehne the following pro¬ 
jectors 

Pmn = - {vmn — 'Hmn) 5 Pmn = - {vmn + P-mn) , (3.6) 

which satisfy the following identities 

Pm'^Pq^ = P^, Pm^Pq^ = P^, Pm'^Pq^ = Q. (3.7) 

In complete analogy, one can dehne these projectors in hat indices 

Pab = 2 (^^s ~ Pab) , Pab = 2 (Vab + P-ab) , (3.8) 

which satisfy analogous identities 

Pa^Pc^ = P^, Pa^Pc^ = P^, Pa^Pc^ = 0. (3.9) 

Another useful identity is 

Pm^E^^ = Em^Pb^ , Pm'^En^ = Em^Pb^ • (3.10) 

We will use the barred-index notation to denote projections 

Pm^Vn = Vm , Pm^Vn = Vjj , (3.11) 

and the following convention for (anti-)symmetrization of barred-indices 

^ {VmW-j^ + VnW-m) , ^ , (3.12) 

i.e., only the indices are exchanged and not the bars. 

Important objects in the frame-like or hux-formulation of DFT are the generalized 
huxes 

E ABC = ^EM[Ad^^E^ bE^c]Vnp , (3.13) 
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and the following projections take a predominant role in the a'-deformed theory that we 
will introduce 


^MAB = ^MAB = Pm^J^cdePa^Pb^ , (3-14) 

^MAB = ^MAB = Pm^En^'J^cDePa^Pb^ ■ (3.15) 

Let US dually discuss Z 2 transformations. They are generated by matrices Zm^ and 
Za^ that transform the metrics as follows 

Z2{vab) = Za^ticdZb^ =—flAB 1 (3.16) 

Z2{'Hab) = Za^UcdZb^ = V-AB, (3.17) 

Z2{vmn) = Zm^VpqZn^ =—timn ■ (3.18) 


Since indices are raised and lowered with the odd Z 2 metrics timn and r]AB, the position 
of the indices is essential to determine the way in which an object transforms under Z 2 - 
parity. There is a canonical position of indices that renders the following objects even 
under Z 2 : 9m, Pmn, Em^-, Pab^^ and This in turn implies that the projectors 

are exchanged under Z 2 , namely Z 2 {P,*) = F,* and Z 2 {P,*) = F,*, and then 

Z 2 = J-W® , (3,19) 

3.2 Generalized Green-Schwarz transformations 

The generalized dilaton and frame transform under generalized diffeomorphisms and H- 
transformations as 

6d = fdpd - ]^dpf ^ = dp , (3.20) 

5Em^ = C^Em^ + 5aEm^+ ^aEm^ , (3.21) 

where the generalized Lie derivative governing inhnitesimal generalized diffeomorphisms 
is given by 

C^Em^ = eSpEM^ + {due - Ep^ , (3.22) 

and Lf-transformations split in the usual 

5aEm^ = Em^Ab^ , (3.23) 
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plus a novel two-parameter first-order correction 

= {ad^kc^ . (3.24) 

The parameters (a, h) are both of C1 (q;'). This hrst-order correction suggests that the 
component helds parameterizing the generalized helds cannot be the standard ones that 
transform covariantly under diffeomorphisms and Lorentz transformations. Instead, they 
should correspond to hrst order non-covariantly redehned helds, and then the generalized 
helds must be a'-corrected E = E^^^ + Ek\ The same holds for the gauge parameter 
A = -|- A^^^ Since fl3.24p is already of 0{a') through (a, 6), only E^^'^ and A*^°^ are 

relevant in this part of the transformations. 

For the generalized metric these transformations imply 

SHmn = + ^aHmn , (3.25) 

with 

C^y-MN = ^^OpT-Lmn + — d^iu) ypN + {dN^^ — T^mp , (3.26) 

and 

SaUmn = 2ad(MkA^E^^/ + 2hd^T^kA^ . (3.27) 

Notice that the hrst-order double-Lorentz transformations 5a in fl3.24p and fl3.27p take 
the form of a generalized Green-Schwarz transformation for the generalized helds, i.e. 
they are structurally similar to fl2.10p . We will show in the following sections that these 
transformations indeed induce the Green-Schwarz transformation fl2.10p of the two-form 
when the strong constraint is properly solved, plus an anomalous Lorentz transformation 
of the metric held, which can however be eliminated through a Lorentz non-covariant held 
redehnition. Again, SaE- is 0{a'), and then also the generalized metric is a'-corrected 

U = +Hy. 

Regarding the transformation of the huxes, to lowest order in a' they transform as 
5EABC = dpEABC — 3 (9[aAbc] + bc]d) > (3.28) 
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which implies that the projected generalized fluxes transform as connections to lowest 
order 




{-)B 


MA 


'r -c(~) B 


0_A B.-n(-)CK B A C-ni-)B 




i+)B 


MA 


'n 7r(+) B 
MA 


- 8 m A/ + c 


\ B _ f. C -pi+) B 
-''■A MC 


(3.29) 


with 

+ {dM^ - d^iM) . (3.30) 


The fields J^^m\b appear in the action (to be introduced in the next section) only in terms 
that are weighted with a and b. Then, in order to prove the gauge invariance of the action 


to 0{a'), only their lowest order transformations are required. 


The above transformations preserve the constraints of the generalized fields fl3.4p and 
fl3.5p . and also close to first order 


[^(?l , Al) ) <^(§2 , A 2 )] ^(^21,A2i) ) 


(3.31) 


where the “brackets” are given by 

cM _ rp c 1 ^ ® A B_p\M A A I ^ A —B A —^ 

S 12 — [si ) S 2 J(C) 2 ^^^- ^ ^ 2 ]P + ^ ^ 2 ]B ) 

Ai2Ab = 2,^|^9pA2]An — 2 A[ia*"A2]cb 


(3.32) 

(3.33) 


+ a df^-.A 2 DC + Cld\A-^'^^dB]-^. 2 DC — t) dlA^i^dffi-^ 2 Tyc ~ ^9\A-^1^^]-^2'DC ) 


, CD 


CD; 


.CD; 


and the C-bracket is defined as 


[6. &1JJ) = iCSpif - Aap?." - 


(3.34) 


2 "" " 2 

It is interesting to note that due to the constraints (13.31) . the a'-corrected bracket 
fl3.32l) can be re-written as 


= [6 , 6 ]^) + ^ rl^^^^Ac^^I^.^BD , 


where 




a±h 


(3.35) 


(3.36) 


This re-writing allows to facilitate comparison with the deformed brackets introduced in 
There, the parameters 7 *^“^ and interpolate between the odd Z 2 -parity theory 
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DFT~ in [18] obtained through the choice ( 7 ^'*'^ 7 ^”^) = (0,1) when a' = 1, and the even 
Z 2 -parity theory DFT^ obtained through the choice ( 7 *-^^ 7 ^”^) = ( 1 , 0 ) corresponding to 
the closed bosonic string. It is not evident a priori that both approaches can be compared 
because here the deformations are due to double Lorentz parameters A^s, and in [19] 
are due to generalized diffeomorphisms through Kmn = Qm^n — dN^M- It would be 
interesting to explore the relation between both approaches. 

Notice that the Z 2 -transformation of the generalized Green-Schwarz transformation 
( 1 ^ is 

^2 = 26 + 2a %A^^ , (3.37) 

so the Z 2 -transformation effectively exchanges the parameters a b. Then, the trans¬ 
formation is even under Z 2 -parity when a = b (which in turn implies 7 ^“^ = 0 ) and odd 

when a = —b (which in turn implies 7 ^’''^ = 0). Any other choice of parameters breaks 

Z 2 -parity. 

3.3 Gauge invariant action 

We now have all the ingredients to write down a gauge-invariant action to hrst order in 

a' 

S = y'dXe-2'^(7^ + a7^(-)+ 67^(+)) , (3.38) 

where TZ is of course dehned in the same way as the zeroth order DFT action [2] 

TZ = dMNd — ~ dMddj^d F d^d 

I I.T/MVO njKLp, 0 / ^ P) U QQ'l 

+ -rl OmH ONTtKL — -Tt Om H OktInL ■ (^O.oyj 

o Z 

As explained, the generalized metric is a'-corrected "H = 77^°^ -|- 'h}d\ so even if this 
looks like a two-derivative contribution, 7Z involves four-derivative terms through the 
corrections to the helds. Of course, in the limit a' —)■ 0 we should recover the usual 
un-corrected action, so 77. is a good starting point to build the 0{a') action. While 77. is a 
scalar under generalized diffeomorphisms, it fails to be gauge invariant under generalized 
Green-Schwarz transformations fl3.27p . Then, additional contributions to the Lagrangian 
must be considered to compensate for this failure, which must be scalars themselves under 
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generalized diffeomorphisms as well. It is in this sense that the generalized Green-Schwarz 
transformations constitute a gauge principle that requires and hxes the form of the ct'- 


corrections. Since 03.271) induces terms that involve the projected generalized fluxes 
so must the corrections to the action. In fact, one can show that the required additional 
hrst-order corrections from the projected fluxes J^mab given bjj. 

-T?)-) _ _ A'ri~) -ri~) ^^ aMN j f\MN ( -ri.-) 

/V — ^'^mab'^n ^ a-\- u y mab-^n J 

^ '^{ — )BA^MnjRSf\Nnj I ^ 'r(~) 'r{—)NBAp\M'^RSpi 'T/ 

g*' MAB'^N O H O Hrs + 2*^ MAB^ ^ ^ ^RriNS 

_7r(~) 7r(“)^^_-i/V/Afo 7r(~) 

''MAB^ ^ rt ''N 

_Ap-) -p[-)NBC^M p-)A , p-) p-)M p-)AC p-)PBD 

^''MAB'' ^ -^NC A- -BmAB-A CD-Bp 

p—) -p(—)MA p—)B -p{—)PED /q 

-d^MAB-A od-pE d-'- ' , 13.4Uj 

and the other hrst-order corrections from the projected huxes are given by 

'Tp{+) _ A pA) p+)RAp.MN J I f)MN (p+) •77(+).B^'\ 

/V — Aj- aiab'An ^ a -I- a y mab'An J 

^ p+) p+)RAp,AI ajjRS f\Nnj I ^ -77(+) p+)NBAp,MnjRSpj nj 
MApd^N OHO Hrs + yMApd^ ^ ^ OrHnS 

_i_ 7r(+) r)AInjKLa pA)RA ^piMN a 77(+) piRp+)BA 

+''MAB^ ^ 'AkO^L + ^ ^M-Trab^ d-pf 

_/I 7r(+) p+)NBC aM p+}A p+) p+}M p+)AC-i-(+)PBD 

A^-'MAB'' ''NC ' ''MAB'' CD-Ep -T 

■ ( 3 - 41 ) 

^The full action is frame-like since it depends on the generalized frame through the generalized metric 
and the projected fluxes. In would be interesting to see if this hybrid formulation can be written purely 
in terms of generalized fluxes as in |30] . 
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The three contributions to the Lagrangian are generalized diffeomorphism scalars (modulo 
the strong constraint fl3.2p h and the full Lagrangian is iL-invariant to hrst order in a' 


5{n + + 67^(+)) = (7^ + + 67^(+)) . (3.42) 

In fact, one can show that the anomalous Lorentz behaviour 5;JZ is exactly cancelled 
by We have verihed this explicitly using [3l]. Notice also that 

5a (a7^(-) + is of higher order, so must not be considered in this computation. 

We then conclude that the action fl3.38p is invariant under the H and C symmetries. 
Regarding G-symmetry, recall that in DFT the 0{d,d) transformations 

hu^VPQ^T'N^ = Vmn , (3.43) 

act as follows 

Em^ —>■ hM^Ep^ , Om hM^dp . (3.44) 

Then, the action is manifestly 0{d, d) invariant since all indices are contracted with the 
duality invariant metric. Note however that if one chooses an i/-gauge-£xed parame¬ 
terization of the generalized frame (as we will do in the next section), a compensating 
iL-transformation is required to restore the gauge. This is no problem, as we have seen, 
because H is a. symmetry of the theory. 

Let us hnally mention that under the Z 2 -parity transformation we hnd 

Z 2 , (3.45) 

so again we see that the corrections are even under Z 2 -parity for a = 6, odd for a = —b, 
and the parity is broken for any other choice. 

3.4 Parameterization and field redefinitions 

Until now we have been general, and have assumed neither a parameterization of the 
generalized fields nor any solution to the strong constraint fl3.2p . Here we give the pa- 
rameterizations required to make contact with the deformed Bergshoeff-de Roo form of 
the action 02.71) . 
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The G'-invariant metric is chosen to be as usual 


Vmn — 


0 

S'; 0 


and we choose the standard solution to the strong constraint for which 


(3.46) 


<9m = (<9^, d^) = (0, d^) . 


(3.47) 


The flat metrics are parameterized as 

/gab o\ /gab 0 

nAB — I , VAB — I 

\0 gab/ y 0 -Qab^ 

and they are left invariant by i7-transformations parameterized by 


= 


0 A(-) 


-) b 


(3.48) 


(3.49) 


Here, A^+l and A^ ^ are the Lorentz parameters that generate the 0(1, d — 1) and 0{d — 
1, l)-transformations that leave Pab and Pab invariant respectively, and as such satisfy 


A (=*=) — n — A^^^ 

h — . 


ba 


(3.50) 


The generalized frame is parameterized by two beins and a two-form H 


Em^ = ^ 




_ „abp ) fi 

y H 




PM/ 


The two beins satisfy 




(3.51) 


g(±),.5(±)i, ^ _ ejfl-el*'" = hi , 4*1“ = g'“'e<±"' 


(1 ’ 


9ba ) 


(3.52) 


and are constrained to reproduce the same symmetric metric 


^ ^p{±)b _ p{±)ti ab-{±)u 

gfiU — dfj, gab^u 5 g — g ^b 


(3.53) 


They can be taken to be equal through a gauge fixing condition 

p{+)b A (+)a _ -{-)b \{-)a _ - h\ a 

lA, tin i\b , 


(3.54) 
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that breaks the hT-group to the physical Lorentz group parameterized by The bars 
over the component helds indicate that they are hrst-order corrected, so for example 


+ a'Ae, 


(3.55) 


where the un-barred part is of zeroth order, and transforms covariantly under diffeo- 
morphisms and Lorentz transformations. However, the hrst order redehnition Ae^“ can 
induce a non-covariant behavior. 

The matrices that generate the Z 2 -parity transformations adopt the following param¬ 
eterization 


Za^ = 



ry N _ 

Z^M — 


-di^ 0 
0 


(3.56) 


and at the level of components they exchange Z 2 (e[i^^“) = So, after the gauge hxing, 

they leave the bein (and thus the metric invariant, but they exchange the sign of the 
two-form Z 2 {B^^) = as expected. 

The generalized dilaton has the usual expression, which can be written either in terms 
of barred or un-barred helds 


■ 


(3.57) 


This is due to the fact that its gauge transformation (13.20^ receives no hrst order correc¬ 
tion. The equation (I3.57p dehnes the corrected dilaton (p = (p + ^\og^. The generalized 
metric is parameterized as usual, but with respect to the barred helds 


Bmn — 


Bppgp’' gpu - Bppgp^B^ 


(3.58) 


The generalized huxes appear in the action in terms that are purely of 0{a'). This 
means that we only need their lowest order expressions in terms of the usual bein and 
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two-form, i.e. we can drop the bars from these helds. Their four components are given by 


T' 2 bc 


(3.59) 

Tab 


(3.60) 

~r be 
'J a 

-_L^(+)fec fi 

(3.61) 

■j^abc 

v2 

(3.62) 

The projected huxes can be written in components as well. We hnd that some projections 

vanish 



-p7)b _ Q 

-ri—)ab ri -ri+)b ri 77(+) n 

) -^M — "J 5 •'Ma — "J 5 -^Mab ~ ! 

(3.63) 

leaving only the following 

non-vanishing components 



7 


(-) _ 


e.77ah 


Mab 




7\ 


{+)bc _ 


M 


\/2 \Bp^e77ab'' + ep^gdc7ab^ 

I -Bp,e7g<^7j>^ + ep-7j>^ j 2 - 4+^'" 


(3.64) 




Now that we have parameterized all the generalized helds, we study the behavior of 
the components under generalized transformations. The action fl3.38p depends only on the 
generalized metric and the projected huxes, so we will only focus on the transformations 
of these objects. Regarding the projected huxes, as we explained only their lowest order 
terms are relevant to 0{a') and it can be easily verihed that the transformations fl3.29p 
reproduce the expected transformations for their components (see for example [SO])- The 
transformation of the generalized metric instead requires a special treatment, as its hrst 
order correction plays a fundamental role in this construction. When the parameteriza¬ 
tion fl3.58p is subjected to the transformation fl3.25p restricted to the choice fl3.47l) . the 
components of the generalized metric transform as 


a 


6gp, = , 

a „ b 




(3.65) 

6B,, = - jdi’UjV . (3.66) 


We then see that the generalized Green-Schwarz transformation fl3.27p ahects not only the 
two-form, but also the metric. They both receive a non-covariant Lorentz transformation. 
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In order to relate to the usual Lorentz-singlet metric 51 ^ 1 , that transforms covariantly, 
a first-order in a' Lorentz non-covariant field redefinition is required 




9i-ip 






ub 




u 


ub 


(3.67) 


For generic values of the parameters (a, b) such a redehnition of the two-form is not 
possible. We will comment on this point at the end of this section, and by now let us 
simply mention that in the component action that we write down below, B = 

Introducing the non-vanishing components of the projected fluxes (I3.64p and the gener¬ 
alized metric fl3.58p into fl3.38p . and performing the field redefinition fl3.67p . we can finally 
write the Lagrangian in components (we have benefited from [31] in this computation) 

K + aK'-> + 6KI+I = + 

, (3.68) 


where 

H,., = . (3.69) 

Written in this way, the invariance under the following transformations to O(a') is man¬ 
ifest 

6(j) = L^(j), (3.70) 

bfj^u , (3.71) 

bB^y = L^B^y + 2d[ij,^y] + 2^[fj,a — 2^[fj,a ■ (3.72) 

The action fl3.68p exactly coincides with the two-parameter deformations of the Bergshoeff- 
de Roo form of the action fl2.7l) . We have then re-formulated such deformations in an 
0(d, (i)-invariant way (I3.38p . 

Let us conclude this section with some remarks. We have seen that the generalized 
metric is a'-corrected, but it is still symmetric and 0{d, (i)-valued, and as such can be 
parameterized as in fl3.58p . The barred fields g^y and B^j^y are duality covariant, but the 
generalized Green-Schwarz transformation induces the Lorentz non-covariant transforma¬ 
tions fl3.65p . fl3.66p of these duality covariant components. In the case of the metric, we 
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have shown how a Lorentz non-covariant held redehnition fl3.67p related the dnality covari¬ 
ant metric g^i, with the standard Lorentz-singlet covariant metric For generic valnes 
of the parameters such a redehnition is not possible for This was expected since a 
given choice of parameters reproduces the heterotic string, in which the two-form neces¬ 
sarily acquires the anomalous Lorentz transformation required for anomaly cancellations 
in the Green-Schwarz mechanism. However, the two-form in the closed bosonic string 
must be a Lorentz-singlet, so when a = b we should be able to remove the Lorentz non¬ 
covariant behavior of the two-form through some non-covariant held redehnition. When 
a = b, the redehnition of the metric fl3.67p becomes 


® b, , a ^ ZT b TT a 


9fiu 9fiu ^vb 

Z O 


(3.73) 


Regarding the two-form, when a = b its anomalous transformation fl3.66p 


(3.74) 

can be removed in this case through a Z 2 -parity-preserving Lorentz non-covariant held 
redehnition 

. (3.75) 

The redehnitions fl3.73p and fl3.75p then take the form of background-independent Lorentz 
non-covariant versions of Meissner’s held redehnitions |9]. Then, while g^v and B^y are 
diheomorphism and Lorentz covariant, g^^y and B^y are Lorentz non-covariant but T- 
duality covariant. 

Regarding the heterotic case (a, 6) = (—a',0), our results predict the held redehni¬ 
tions of [12] that relate the Lorentz-covariant metric with the T-duality covariant one. In 
addition, we obtain the anomalous Lorentz transformation of the metric as given in [T4] . 
plus the usual Green-Schwarz transformation of the two-form in terms of uj^~\ Another 
interesting example in which the non-covariant Lorentz transformation of the two-form 
cannot be removed through a held redehnition is the case (a, 5) = (—«',«'). This the¬ 
ory contains no Riemann squared terms, and the essential hrst order contributions are 
given by Ghern-Simons corrections to the curvature of the two-form. Then, being the 
corrections odd under Z 2 -parity, this case is similar to the one introduced in [18], with 
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the difference that the non-covariance in this case is due to Lorentz and in [18] it is due 
to diffeomorphisms. 

4 Outlook and concluding remarks 

We have shown that the four-derivative terms in the string effective actions admit a 
universal description in terms of a two-parameter family of theories. The two parameters 
(a and b) interpolate between corrections that are even (a = b) and odd (a = —b) with 
respect to a parity transformation that exchanges the sign of the two-form. We have 
given two expressions for the two-parameter deformed theory, which are related by field 
redefinitions. One of them facilitates comparison with the closed bosonic and heterotic 
string effective actions as presented by R. Metsaev and A. Tseytlin in [28], and the other 
one admits a direct comparison with the heterotic string effective action as formulated 
by E. Bergshoeff and M. de Roo in [2H]- The action depends on the frame, two-form and 
dilaton fields, and we have neglected the contributions from the heterotic gauge fields for 
simplicity. 

We have then reformulated the two-parameter action in the 0{d, d) invariant language 
of DFT. The first novel contribution is a first-order correction to the gauge transformations 
of the generalized fields that takes the form of a generalized Green-Schwarz transformation 
(see for example fl3.27p h that generically cannot be removed through a duality covariant 
generalized field redefinition. This anomalous Lorentz transformation implies that its field 
components also transform non-covariantly, as explicitly shown in fl3.65p - fl3.66p . While 
this non-covariant behavior can be removed from the metric through a Lorentz non¬ 
covariant first-order field redefinition fl3.67p . this is not possible in general for the two- 
form. For example, when the parameters are chosen to reproduce the heterotic string 
effective action, the two-form receives the anomalous Lorentz transformation required for 
anomaly cancelation in the Green-Schwarz mechanism (which cannot be removed through 
field redefinitions). Instead, in the even parity case there is a Lorentz non-covariant 
redefinition of the two-form that renders it covariant, as expected for the closed bosonic 
string. 
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The generalized Green-Schwarz transformation is also very powerful in that it gives 
rise to a duality covariant gauge principle that demands and determines the first-order 
a'-corrections in the action. The lowest order DFT action fl3.39p is invariant under gen¬ 
eralized diffeomorphisms, but not under these novel higher-derivative Lorentz transfor¬ 
mations. As a consequence, the four-derivative terms f|3.40p and fl3.4ip must be added to 
the action in order to cancel the anomalous transformation. When the strong constraint 
is solved in the (super)gravity frame and the generalized fields are parameterized accord¬ 
ingly, the resulting four-derivative action fl3.68p receives contributions not only from the 
explicit four-derivative terms fl3.4Up and fl3.4ip . but also from the two-derivative terms 
fl3.39p through the first-order in ol redehnitions of the helds. When the component helds 
parameterizing the generalized helds are specihed, the hnal form of the action exactly 
coincides with the two-parameter Bergshoeff-de Roo action discussed in section 12.21 

Similar results where obtained by O. Hohm and B. Zwiebach in [12]. They constructed 
a two-parameter 0[d, d) invariant theory up to cubic order in perturbations of the helds, 
in which the parameters 7 ^^^ interpolate between even (DFT’*') and odd (DFT“) Z 2 -parity 
corrections. Their formulation is metric-like, and then all the helds are Lorentz invariant. 
The generalized gauge transformations do receive 0{a') corrections, which are generated 
by the generalized inhnitesimal diheomorphism parameter . The duality covariant 
helds that appear as components of the 0{d, d) multiplets then transform non-covariantly 
under diheomorphisms, rather than Lorentz transformations. Although this is diherent 
from the approach we have followed here, it is possible that both formulations can be 
related through local (generalized) held redehnitions like the ones explored in [20]. The 
similarity between both approaches is evident to the point that it is natural to identify 
the parameters 7 *-^^ = — 

Our work is essentially an 0{d^ d) invariant re-writing of the hrst order a'-corrections 
in the string ehective actions. At the moment it is unclear if this formulation admits an 
extension to higher orders. An important application of this line of research would be to 
hnd a duality covariant gauge principle that requires and hxes the higher-derivative terms 
in the a'-expansion, as it could provide a tool to compute corrections that are otherwise 
difficult to calculate through other methods. A less ambitious programme that could give 
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hints on how to proceed in this direction is to rewrite the already known higher derivative 
(a'”, n = 2,3,4) corrections to the string effective actions in an 0{d, d) invariant way. 

Other possible directions for fnture work suggest themselves. It is possible that our 
formulation admits a description in terms of an extended-tangent space formulation like 
the one considered in [23]-[25], in which the tangent space should be further enhanced 
so as to include two spin connections with opposite torsion with duality group 0{d + 
n,d + n). Understanding the role of supersymmetry would also be of interest, since 
one should expect obstructions when attempting to supersymmetrize this theory for a 
choice of parameters leaving only even Z 2 -parity corrections. Generalized Scherk-Schwarz 
reductions like those considered in [52] would also be interesting to examine in order 
to find higher-derivative corrections in gauged super gravities and to clarify the relation 
between ct'-correct ions and non-geometry (see for example ]33] and references therein). 
Due to the field redefinitions involved in this construction, we expect the duality covariant 
scalars of the reduced theory to be related to the diffeomorphism and Lorentz covariant 
scalars through 0{a') redefinitions that are quadratic in gaugings. A pure generalized 
flux formulation of the theory [5U] could be useful in understanding these issues. Finally, 
the generalized Green-Schwarz transformation might be relevant in the analysis of large 
gauge transformations in DFT [M] . 
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A Conventions and definitions 


In this Appendix we introdnce the notation used throughout the paper. 

Space-time and tangent space Lorentz indices are denoted p, z/,... and a, 6,, re¬ 
spectively. The Lie derivative of a tensor is given by 

hv,'' = • (A.i) 

The Christoffel connection is dehned in terms of the metric as 

{dpQua + , Tf^^] = 0 , (A.2) 

and transforms anomalously under inhnitesimal diffeomorphisms (whenever the Lie deriva¬ 
tive acts on a non-tensorial object, we use the convention that it acts as if it were covariant) 

+ 9,.ax'’. (a.3) 

SO it allows to dehne a covariant derivative, given by 

. (a.4) 

The Riemann tensor can be expressed as 

. (a.5) 

Its symmetries and Bianchi identities are 

RpafiV QpsR apu R'{[pcr\{pv\) i R^[apu\ 0 j 0 • (A-6) 

Traces of the Riemann tensor give the Ricci tensor and scalar, respectively 

Rpu = R%pu , R = g^^Rpu . (A.7) 

The (inverse) metric can be written in terms of a (inverse) frame held 

9pv = ep'^gabeu’’ , g^'' = , (A.8) 

where gab is the Minkowski metric, and they satisfy the following identities 

e/e/ = , e/e/ = 5^^ , e/ = g^'^ej^gba • (A.9) 
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Under Lorentz and infinitesimal diffeomorphism transformations, the frame field changes 
as follows 


— Aj^eb^ , Aab — Aa Qch — —Aba ■ (A. 10) 

We also consider a spin connection defined in terms of the frame field 

, (A.ll) 

that transforms as 

— L^to^a + df^Aa^ + tO^a^A^ — Aa'^tO^c ■ (A-12) 

Given a Lorentz tensor 

5^Ta^ = Ta^Aa^-Aa^Ta\ (A. 13) 

we define the Lorentz covariant derivative 

V^Ta^ = d^Ta” + U^a^Ta^ - U^a’^Ta'^ . (A. 14) 

The Riemann tensor can also be written as an adjoint Lorentz-valued two-form, expressed 
in terms of the spin connection as 

Rliua d^Ui/a di/OJ^a T ^ua ^fic ■ (A. 15) 

This form of the Riemann tensor transforms as 

^Rfiua’ = L^R^yc!’ + Rfiua^ AJ' — Aa^R^vc 5 (A. 16) 

and is related to the Riemann tensor flA.5D through a frame rotation 

R^uaeb^ea^ = -RPa^^u • (A. 17) 

The Lorentz and diffeomorphism covariant derivatives are related as follows 

V^Ta^ = for = T/e/e,' . (A. 18) 

The Chern-Simons three-form is defined as 

2 

^livp ^[fia dyOJpT^b T 2^[/ja ^ub ^p]c ) (A. 19) 
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and it transforms under infinitesimal diffeomorphisms and Lorentz transformations as 




(A.20) 


We also define the spin connections with torsion 


= u,J ± 


^CL j^CL 5 


, (A.21) 

where the torsion is given by the three form curvature of the Kalb-Ramond two-form 

Hpup = 3c?[p-Bj/p] = dpByp + dyBpp + dpB^y , (A.22) 

with Bianchi identity 

V[pi/,,p<^] = 0 . (A.23) 

Note that we do not include any a'-correction in the torsion, as we are only interested 
in hrst-order corrections in this paper. We also dehne powers of the three-form with the 
following contractions 


zji _ U ^ U <5 O' 0 

n — npa tiux Jxips 


H'^ = H H‘^ = H 


(A.24) 


When the two-form Riemann tensor is supra-labeled with a sign, we use the convention 
that it is dehned as in flA.lSp but in terms of the spin connection with torsion 

= dAf” - ■ (A.25) 

The supra-labeled with a sign torsionful Chern-Simons three-form is accordingly 


pj^p [pa ^ p\b 2 [pa I'D p\c 


(A.26) 


The transformations of the torsionful spin connection, Riemann tensor and Chern-Simons 
three-form are as follows 




(A.27) 


— -I- ^ — a 

■^^-^^pua ' -‘■^pua -^^a i 

(A.28) 


= LsSjw - . 

(A.29) 
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B From Bergshoeff-de Roo to Metsaev-Tseytlin 


It is very easy to show that the two-parameter generalization of the Bergshoeff-de Roo 
action fl2.7p is equivalent to the two-parameter deformation of the Metsaev-Tseytlin ac¬ 
tion fl2.ip - fl2.3p . up to held redehnitions and boundary terms. For the heterotic case 
(a, 6) = (—a',0), the equivalence was proved in [21], and here we give the general proof 
for arbitrary values of the coefhcientj^. The zeroth order actions are automatically identi¬ 
cal (both given by fl2.2p ). so we need to focus attention on the four-derivative corrections. 

Using the decomposition of the Riemann tensor with torsion 

± V[i,H^]ab - , (B.l) 


the components of the torsionful Riemann squared terms are 


8 


U c TT ryfii/ab , tt tt c tt 

rij/bc-K + -rl^acn d-n^b n 


ubd 


ZJ TJI-l TJ ac TTUbd 

--^n^abn cdiiy n 


(B,2) 


+ j(a-6) 


'Vi U jDUvab 'n TJ UfJ-a tj 


ubc 


On the other hand, consider the hrst order in the decomposition of the squared three-form 
term 




( 1 ) 


= -{a + b)H‘ 


fiup 


(Rp^'c^p^fe) + H^abR.p^^ - -Rpa'Rpb"Rpc“ 


+-(a-6)R'^^^ 

4 


r) _ _T) M M 

JTpab 


Now, using Bianchi identities one can show that the following terms vanish 


(B.3) 


= 0 , = a = 0 , (B.4) 


SO flB.2p only depends on a -|- 6 and is then even under Z 2 -parity, and also prove the 
following useful identities 

Rpp'Rp.aR'^""" = ^Rpp'Rp.aR^""" , V[pRp]p.V^R""" = ^VpRpp.V'^R""" . (B.5) 


^Field redefinitions in the context of the heterotic string have also been discussed recently in [35] . 



















Adding flB.2p and fIB.Sp . canceling the terms in fIB.dp and rewriting some terms as in 
fIB.Sp . we find the first order component of the Bergshoeff-de Roo Lagrangian 




(a + h) 




'^upa 


3 

2^ 




TJUUp TJ X TT 5 TT 0 

n^x Jxips 


+]-VpH,p,V^H'^P- + IHppsH^PxHJH’^^^ . (B.6) 

o o 

The first term in (IB.6P is the Chern-Simons term present in the Metsaev-Tseytlin form of 
the action fl2.3p . The second term can be simply removed by a Lorentz non-covariant field 
redefinition of the two-form. The last block of terms with coefficient a -|- 6 is even under 
Z 2 -parity, and exactly agrees with the results in [16], where it was shown to coincide 
modulo field redefinitions and boundary terms with the Metsaev-Tseytlin form of the 
action [28]. In order to make contact with it, we note that 


[L® {g + Ag,B + AB, 0 -1- Acj))] {e-^^V^) (B.7) 

CL -\- h rrnvn tt rf aX ^ ^ TJ JJPP ZJ <5 JTVaX 

H-3- ^ ^pLdX^vp --n 

o 61 

with 

Agpy = -\{a + h)H/''Hyp„, 

O 

= -i(a + 6)(V<’Bp^„-2Vp^.//V)-j(« + '')%“Vlai,, (B.8) 

= -^(<1 + 6)^,, 

and 

= -lia + . (B.9) 

O 

That is, a shift in the zeroth order Lagrangian fl2.2p due to the first order field redefinitions 
flB.Sp (which coincide with those in [TB] for the choice of parameters (a, b) = {—ex', —a') 
reproducing the bosonic string), produces a covariant boundary term defined by flB.Op . 
plus the additional terms in the last two lines in flB.7p . These terms take the first order 
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Lagrangian flB.6j) to the form 






(B^IO) 



which is exactly the hrst order correction in the two-parameter Metsaev-Tseytlin action 


Then, we have shown that the deformed Bergshoeff-de Roo action exactly coincides 
with the deformed Metsaev-Tseytlin action np to held redehnitions and boundary terms. 
We note that while the held redehnitions of the metric and dilaton are covariant, the 
redehnition of the two-form receives a Lorentz non-covariant contribution from the last 
term in in fIB.Sp . 
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